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Symmetries
In 2d

,
the conformal group is bigger .

Isa = dzdE
,

2- = or + ioz

Conformal transformations :

2- → zr=f(z) ←
anyholomorphic fn .

E → E' = f- (E)
Check :

d.s- → Of OÉ dzdzi
Tz FE

= I dzdE ✓
Int

'

ly,

z
'
= 2- + Elz)

,
É ' = Et E- (E)

E.tt/--Eanzn+1 g- (E) = § a-nÉn+1
n=-x ) n= -6

Thus [in vector language like higher dims]
xn → xm + fit

In = zntlz

In = En-11 a-



Reality condition :

ou
'

c- IR

ie zizi IIÉÉJ c- IR

sets a-
n
= art
,
but usually safe to think of

these as independent !

Lie Brackets : IX. Y ),
= L×Y

( Sm
,
f.) = - Cm - n ) 1min
L

[ 5m
,
%-) = - (m-nlfm.in
L

This is 2x • real generators .

In general , spacetime symmetries obey

[QUI , QUI] = Q.gg, +

"

central
"



Stress Tensor
mmmm

T" = O

d Tzz +
d- tizz

= 0 (D= § )
d- Tzz + d Tzz- =D

TI = Tzz_=0

Defn :

T = -21TTzz

I = -21T TIE

?⃝ = 21T TZE

2- 1- = OF = ?⃝ = 0 T -
- Tlz)

f- = TIE )

Charges :

QIN = f dear I. Tv
space



In radial quantization ,

11

space
"

= circle centered @ origin

Ln = Qf%] = fodzzn-1
'
TA)

In =
. . . = ¥ § DE En

" FIE)

Invert :

✗

TIZI = E ↳ z
-n-2

n= -y



Potyahov-nano-mayadion-R.ec
all in curved b.g ,

④ =
-

ER

(④> = ÷ g- gonergIbgZg

use this to calculate 2- (g)

First in conformal gauge :

guv
= e4 dw

(①) =
-

g- ☐ p

Weyl variation of :

deogz.IE?dw)--zTffd'zrgi0-)eyq.dp=-EfdZ-oDp
Integrate :

2- leks] = 2- Ii] exp / ÷ / diz⇒



Any 2d metric can be put in conformal gauge .

Therefore to find general 2- Ig] need to

find a covariant formula that reduces to this

in conformal gauge . Polyakov did so :

Polyakov :

2- (g) = 2- (g) e-
Splg )

Splg]
=

÷ fdixrg R f- R

ie
.

=

c

goat fd://diyrgtxrglyTR.MG/x.y)B1y)

w/ DGH.gl = ¥, d
'

"lx-y )

Equivalently,

Sp[g)
= ÷ / d'xrgÑ( { 10011' + §R)

"

Liouville
"

eval'd on- shell : ☐of = R



Conclude :

Sp encodes 911 dependence on guv, and

thus a1

( I. 1×11%1×2) - - ' ) determined

solely by c !

This is not true in d>2
,
where there

is honest - to - goodness dynamics in guv .

Ed :

(1-12-11-10)) =
c-

22--4



Conformal Transf . of Tuu

Recall that the conformal transformation law can be

obtained from a special case of Weyl that

preserves the Mf .

Weyl : log Z

=
41T

( TH) ) -
I

%w rglzj orgzziz,
fsplg))

dsplg) - 8 / 19%+01^1
,o=☐,

~
. ;frgTÑ9" |g=☐r

where

1-1=2%4101%-1%10 -1%(1201-1,10811)
Now set ☐p=R[e%. ] = -217g , 01=-4



⇒

( T ) =
- Zittzz

= £120s)
'
- 2%) lgzz :o)

ST > = 8-[195-04]
e'son

EIa_mple : cylinder

dig,
= ¥pdZdE ,

2- c- ¢

check :

z= eiw
,
w= § + it

§ = e-
iw

,
w_ = of - it

•

@ →
09 "

#§~§t4t
dozy , = di + dkf} 1- c- IR

,
Olaf -121T

= dwdci
Www -121T



f-
'

tzloglzz)

( Ttt) >
yztgzdzdz

=

"

2%-2

Tlw) =
- Zñtwwlw)

Now Coord change :

=
dz DE

< Tlw) > E
S TH)¥pdzdz-dwdw-

www -121T

¥=eÉ= iz

= ÷,( TH) dwdio
Wnw-121T

Caution: Gord . Changes in CFT are same as always,
no funny factors , anomalies, etc. !



Charges :

Qldw] = Lo - É
,

Q Coo ]= Io - Ey

Hamiltonian

Hoy,=Ql%) =D - I

⇒ Vacuum has Casimir energy
F- vac

=

-

E



conformaltransf.lawm.pe
call that special Weyl transf → conformal transf .

Scalars :

-501×1 . - . )
(dxya

= 504×4 . . . >
dxz

9
Adx' with A- 10¥, /

"d

we'll use this to find 1-4×4
2d :

✗ = Z
,
✗
'
=w

,
Zlwl

,
Élw )

e- =e4=¥=÷÷

f
= I logW' 12-76

'

(E)

Special Heyl (from above) :

( THI )
= f- ( (g)

'
- dip)

NdzdE

(plus
'"abofe)

=
-§ {w ,z}

where we defined



"

Schwarzman Derivative
"

{ f- 12-1 ,z } = f
'"

¥
- :¥÷

The above rel'n Wests conformal , now for spinning

operator , is

(f¥[ 11TH - - -> = LT"w) - " >
dzdz.es?dzdz-

⇒ conformaltransf.lawmnmm.io

1-%) =/I:-/
"

(TH) - E- {w,z}]
Satisfies , for example

{Tko))oy,
= ( rhs. > pi .



Equivalently

8,1-12-1 = -2 Toe - E OT - Ed}

Equivalently

TAINO) no {÷ + 2¥01 + 0¥01

Equivalently

[ Lm
,
Ln] = 1m -n) hmm + £1m

'
- m) dm.in

,
o

Virasoro algebra



Primaries
mmmm

Defn
.

[ Lo
,
0101) = h 010)

(-6,0101] = I 010)

%±fj= zd ± EJ , so

D= hth
, helicity e. = b-Ñ

Conformal transformation

Okie) → O' iziz) = 18¥/
"

(¥/
"

OH:*)

T is not primary in 2d
mu

it's qvasiprisuary - 5012,2 )



Wardtdentity (Difrancesco 5.46)

(Qld ,X) = of ✗
"

④
- ①

Q Q

off X > = fdix dust"lxl{ 1×1×1
[[ anything

conformal

transf .

(Gauss)

8,5×7 =

- fodzelz) /THX >

+ ¥i§dz EIEICTTEIX)



fgxlw) = res ELZITIZJXIW,ñ )
2-now

+ res EIEIFIE )Xlw,w-)
-z~Ñ

See Poluhinshi eqn .

206.15

Exampten
translation 2-→ 2-+a ⇒ conf. transf . Elz)=a

therefore

res Ttt)Olw) = 8 Ofw)
zvw

E-a

= 001W)

dilatation⇒ res ztlzolw) = hotw)

0%
Tlz)Olw)n . - - i-zh-wpo.tw/-l-dOlwi--- .

Z-W
un

vanish
for primary



•

°

,
for primaries ,

( TH) Okinawa))

= h_ ( Okinawa)
(Z -wit

+ 1- ( down 01Wh)
2--W

,

+ twins Wa)

+ o o o

w / NI other singularities z c- ¢

regularize requires Ttt) u const + 2- + - - .

"_@z=o :

✗ = ¥ Twixt = 1¥, /
'

Tzzlz) = X
- " Tzzlz)

reg . @ 11=0
⇒ 1-*1×1

- cost .

⇒ Tzzlz/ ~ 4 u ¥ as 2- → no
.

⇒

(1-12-1014101%1) = hfwi-wzp.CZ
-w
,/
2 fz -wz)

'


