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Intron
The spectrum of a CFT is organized by spin

and twist :

^ 3. ?

F- D-I ,¥,.↳µ↳*,
what can we say about regime # 3 ?

Anything ?
?

Yes ! 3
.
Thermo / hydro
Toeiberian methods

RMT
,
ETH



These lectures will be about how we use these

techniques to study CFT @ high energy .

We will focus on chaotic observables
, unprotected

by supersymmetry and not (heavily/ constrained by
integrability .

Chaos
3

In this regime , often we are not trying to

calculate individual ↳ fciju , but statistics .

Statistics
3



of spectrum :

feklfe.tt ) , Pff ,
etc

.

[energy level spacing statistics]

of matrix elements :

Cijµ Genn
,

CCC

,

etc
.

of more complicated observables :

GIZIÉJZ
,

. . .

where " "
= average over micro canonical

KEY- nearby states Hardy ; Taioeria,
* CFTS (conf . manifold

,
discrete

family)
-

"

CFT data
"

bi
, Ciju

ie random spectrum and random matrix elements
-
-

These A are both aspects of quantum chaos
.

In these lectures we will focus mostly

on matrix elements
,
for reasons I'll explain later

.



A big part of this problem is to understand how

to phrase the question -

What's universal ?

What's tractable ?

For that we'll rely heavily on holography; recent

progress in uncovering statistical aspects of black holes
.

holography
6

A good long-term goal for the bootstrap is to

bridge the gap between lightcone, nunneries, hydro , RMF

Cf
.

Dodelson- Zhiboedov

But this is a subject that is jjysstt getting off

the ground , lots to be done !



Message At target
,
we mostly care about statistics .

~

These statistics can be probed
by bootstrap and in Ads/OFT relate

to higher topology spacetimes
.

Plan
-

ETH

Cijn in 2d CFT ( combine ETH + Bootstrap)

Large- c ensemble

wormholes

;



Eigenstate Thermal ization Hypothesis
ETH asserts that in a chaotic quantum system,

In chaotic regime , (in QMJ

4m10 / n> = SO> 8mn + Flem
,
En) Rmn

Em ↑ ↑
↑
energy basis

↑
microcarried smooth " random

"

and approx
Gaussian

Rij Rae ~ 8ia8je + perms + e-
* s

Here I assumed only energy is conserved - e.g. spin chain
QM .

When does it apply ? That's very difficult to answer
.

Best evidence is numerical
.

Heuristic :

- theory is chaotic

- It non- degenerate

- Im>
,
In> have high energy

- hydro , local therm .

- 0 is
"

simple
"

enough

( obviously H itself doesn't worry



Self - consistency of ETH requires

im /001m) ~ < >
↑ Em
Elnxnl

Etomn/
2
= 011)

n

This is a sum over es terms
.

So

⇒ 0mn- e-
%

◦% wwlog
Flem

,
E.) = e-

" ⇐%
f /E. w/

E- = lzl Em+ En)

w = Em - F-n

The fact that we used E- is just a choice
.

(absorb into f)

Note f- GE,w) is typically strongly peaked @ wno
.

First term → Equilibrium
2ⁿᵈ term → Linear response



Thermalization

T

1-fdt 41011-1/42 = E. 4m*% 0mn ¥fxeiᵗ⇐m)
2T
→

min ✓
→ 8mn

→ 214nF n

n

we expect an isolated
,
chaotic quantum system

in a pure state to act
"

thermal" @ late

times
.

ETH ⇒ Style) Ole)
F-

approaches equilibrium @ late time
.

ETH
"

explains
"
this behavior :

teach term in the sum is thermal
, individually .

An alternative is to say you can only prepare states

with
"

random
"

1%1! This is just not how

QM works
.

The best argument I know for

this is numerical experiment .

(of . integrable)



Hydrodynamics
For 0 a local operator

,

Gptx = tzp, Tre
-P" 01×1010) = <m / 01×10101 / m)

⇔"

↑ state w/ Em -_ Elp)

Gplwl
≈ fdte""ᵗ(m / 01×1010) /my

2
insert E. In Xn /

Excise : show this sets

G (WJf- (Ein) =
BSEJ

=

2ft- e-P°j' Im GRet.tw)
linear response

i.e
.

smooth part is fixed by hydro

}
You can easily derive this by calculating 2pt in

an eigenstate and smh061-1061 Im> = <Otoko)
Em



In CFT :

<m /01h> =

Comm

thermodynamic limit ✓→ • (of N→ a)
@ fixed F-µ

→ bm.in → •

or Dm
,n
~ N

"
in how

.

CFT ( large gap)

•

• • ETH suggests that in CFT, Rovgy :

cut#
= <heavy/ Oiignt / heavy> ~ thermal Ipf .

CLAW ≈ (hydro) * Grandon matrix)
Hit
'

But CFT has lots more structure than just QM -

momentum conservation
, crossing .

Heuristically , ETH tells us that these OPE

coefficients should be
"

as random as possible
"

subject to other constraints
. eave

#I



Chatenge :

* what exactly does ETH + RMT predict for

CFT spectrum and Cija in d>2 ?

* Does it hold ? (nunneries
, holography)

Many of these results stroud apply in some
way

in higher dimensions
.

But I'll mostly set d=2
.



ETH - like ansatz for 2d CFT

Goal :
.

Ciju
= f- Hi ,Dj , du

,
di
, lj.lu) Rijn
- in

bootstrap /cijul
'

random

we'll derive this ansatz by inverting the OPE
.



warm-up CÑ+µi ignoring descendants :

(0172-7010))qE
all 2

=

[ 0 .

"

0 /Coij
i

i. j
E- states]
✓

ezitizhi + Wilt-Zhi * bars
Im T → 0

torus → cylinder
2- = logw
⇒

≈ Gag, = e.

iñlñ-h) /2tsinÉ)"ʰf2Esin¥)Ñ
Invert by Fourier ⇒

states

eslcaoij. /
2

≈ Gay , lw, ñ)
↑ ↑
hi-hi hi- hi

(branch cuts are tricks . . . best way is to calculate

In Gnn p - G-- G- )

By inverting approximation we only get smeared answer
.



Now if we forgot Virasoro we'd recover ETA
.

However this cannot be right, because obviously
OPE ooeff . of descendants are not independent .

To fix this
,
redo the calculation using

the Virasoro crossing kernel
.

Now including Virasoro :



Define co by :

'

> "
- I

1 2

Virasoro fuzz lid ; 1-2-1block

= / dh point ↳ thighs ,h / ¥!
I↑ Cardy Fizz, 1h, E)

son :=e×p[2ñ¥lh-ÉÑ]

Poinsot - Teschner ⇒

We'll return to the contour momentarily .



Cothi
,
ha ,h,) ~ CD◦zz( hi ,ha ,b) N

FiosFEE
Liouville OPE coeff .

C.I'm dropping a 1-loop prefactor, see refs for exact .)

why Liouville? Because Liouville is related to

rep . theory of Virasoro
.

We are N¥ discussing
Liouville CFT !

Contours

"

fdh
"

= HiAist
discretion + fÑh

c-I

Ey
"

Virasoro MFT
"



You can do this all exactly , but I'll just describe

answer @ large C.

Semiclassical limit c.→ no
, ¥ fixed

b. = 8- nltn)
conical

he §y ,
n c- [9£]

"

detect
"

h> ʰzy , D= { + it
"

black hole
"

V-MF.TT
If n

, -1ha
< { :

Moggy
= ni + %

Otherwise :

no multi traces



Universal / ciju/
2

60,101912-1%1110.1-1> ± / f- lid , 1-2-11
'

when:
2-→ I

01
c.→ x

,

Z
,
E > §

invert
⇒

= fdhfdh-pdhlp.li/CofhikhIColhihib-J1F12
⇒

t.q.ge/2*+es-~Colhishj,hu)ColhihT#I
This derivation was for

"

LL'H
"

ioe
. hi → no

e. ooo
, hi ≥ % / %)

But scene tomek holds for LHH
"

and HH
"

H
"



IHH
'

£
2

401451010%, = I
b- / Copqt

"

Piz p
in
torus Vir f. of.

warm-up

I→O or c.→ ° bloom w/out descendants)
2

≈
•

•

*
-1-11

=/ them !>÷¥"
2

↓ "
¥1 ; = Ah,

% '

tha Poco
0^4

⑨ 2

= fdh.dhzhlhipolhdcolhiokholh.sk
0

✓ for LHH
'

lie agrees with boxed formula above)



SkippedHomework: repeat for HHIH
"

i

hint :

Zgemsz
= [ ÷ tcijnl

'

so the universal Co formula applies to all these

cases .

It is useful to note these different regimes are

related by analytic continuation :

[
"me:

14TH't" /
2

:
:

H'
'
→ light ⇒ !- ICLHH't

'

i.

SKIP H'→ light⇒ 14*12



Virasoro ETH

for i=j≠h ,

Ciju = Colhihjhu)↳ÑiÑhI) Biju
~ ↑

replaces e-skiff÷:#

RijnRenn
= diedjmfen ± perms + subheading

Gaussian
"

- # S

RRRR = ÑBÑR + . . . + e

etc .

in
"

chaotic regime
"

: any bi → -0

or c.→a w/ @ least one hi>¥
fblachholej

seminary

ETH " ( crossing kernel ) *(random . D)



So far :
-

fixed CFT , particular Riju

Not : Average over Rijn

Assume holographic CFT

(why ? because of holography ; motivated by SYK model .)

(Actually GI below doesn't require how CFTJ .

Call this

"

Large -c Ensemble of CFT data
"

end lecture #2



Large - c Ensemble us
.

3d gravity

Defects h G- ( %
, %)

Black Holes h > ¥,
f. lhlpolñd Cardy

Cijuc*mn = colhi.hj.hu/2diedjm8un ± perms

↑
CDOZZ

TE

Motion
2d JT gravity = RMT ( SSS)

↑
It is random

V0
⑤ .

. .
The type of avg . is different

,

but philosophy is similar .
{ off-shell spectral data , level spacing

requires off- shell QG ; we will

only require saddles for cijw .



Average Crossing Invariance of the ensemble

Ex
. Go = < 0,9%9%0,2

×
' tin conical Defeats in Ads

}

Gg ≈ ! ! ! e- Sara
.

Ads
}

2

≈ ' v
'

¥1:
Virasoro block

34
3 / 5-star /4112

This should agree with other channels
.

For example,

let's expand in comb channel :

2

Gg = [ I
& ? I &

I Gzi↳ij↳j3(342424i j u
i,j,k ✓

din 84



,
i iii. ic.it

≈ ffff i j i

↓ 33

i-
LEE

,

:
↓

≈ Fair"%
Point? Gaussian avg.in heavy channel =

identity in some other channel
.



2- CFT observables GOT

Glziz) = ( 0000>

GATE/ GK-fz-g.com← so we
can ignore

"diagonal
"
-↳Pe

terms
in ETH .

= E. too.li/i-T1.&koo;1Y)-H
'

zuc
8ij

and
→ fdhidhipolhilpolñi)

=

fdhidh-ifolhilf.IE/1Colh,h,hi)14/Flhip-)Flhi.z7/2=fdhpolh)Coltish ,hi)2 5- lhi ,z)F /hi, zr)
2

÷÷÷



GK-EIGK-iEJ-GLiow.ge/ZR-JGLiowi11e /É :& )
conn

Note * swap !

* <qq.glQQ. . } = G.Gi

* does NIO require how . OFT if 2- → 1

( interpretation ??J

only assumed we are in a kinematic regime TEE)

where ETH applies , and average over Rijn .

Meth
so this is a true Afiact about chaotic CFTS in

the Tauberian limit; but I don't know what it's

good for .

Challenge : what does this imply for individual,
non-holographic CFT ? I suspect something !



Wormholes in 3d gravity
There is of course a long history of matching

bootstrap solutions to bulk physics .

However there is a puzzle : Einstein gravity +Matter

has solutions with multiple , disconnected boundaries
.

*
IMMI

¥8
-

ds2 = dp' + cosh} d 82
in

any hyperbolic 2-mf .

? ? ?→ Zg=zZg" / conn



Claim : multiboundary solutions of

3d gravity + point particles

=

target ensemble
.

¥

E
Ansalz :

dish = dp' + cosh} e.
$ #⇒

/dzg
2

(and defeats sit @ fixed 2-if

Einstein eqns ⇒

0501 = { e.
$
- 4*6 E O

"'
A-zit

Liouville
>

-



Now
you can plug this artsatz into the Einstein

action to calculate it on shell . The result is

a Liouville action
,

defect
swormn.ie

= Ve - £ As +
Counterterms

I {iouville

- Swormhole

@ -≈ ↳ (hi ,bz,h,)
2

fzi = 0,1,°)

Note : Boundary metric is flat
,

f.→ o : dsz _ dpz + e.
$+28 & /dz /

2

f.
= log /&) - { §

(except in little disks around defects]



General 2-boundary

⇔ A:éy

"Almost Fuohsiap
"

Z nearz
"

ds2= dp't ↳stipe
#
t.dz + { flitanhp/ ETE) e- $dE /

'

ETE) = quadratic differential on 8

1
e.g .

zfE -IVE - 1)

ds?#
=

t.dz/2ds:ign+=ldz-udz-f'e-Swormhole=GLioulZR-1Gciouk--%)
=

G↳EIGECtt Cft



SkippedDerivation in 2 steps :

1) 2-
' =3 : evaluate Swormwie ° Liouville

2) Insert extra Tfz)

and show g- Tlz)
= Oz , TIZJ

= 0



Branch Cuts Skipped

The CFT quantity is Euclidean and single - valued .

The Liouville correlates is effectively Lorentzian

Gciou IZZY is riot single valued

as Z ⑦ 0 in Euclidean .

Both : Braiding

CIT : corrections to ↳ from
?

identity in others channels .
Euclideanvi.braiding .

Conjecture

Bulk Saddles £+51 Bootstrap channel
+ OPE contraction .

But to be clear
,
so far this is not

systematic on either side of the relation
.

Challenge : Prove it Ctopo recursion ? ) end lecture ¥3



Many Boundaries ?

C.CCG

= Ic Cc + perms + non-gaussianities

8É¥ ?

-5

e suppressed
Is this Lew input from gravity?

I doubt it
. Probably follows from bootstrap, so

can check bootstrap prediction from gravity .



Single - Boundary wormholes (
"

Handles
"

)

☒2d 3d €--
⑤

Coleman 1988 :
-

wormholes → ✗ parameters , baby universes

2-
win

-

JDcfexpfjdxL-E.fdxdyQ.IN?.lyj)nfdxie-*jDoexp(-Sdxfk-ai0.-
↑ [ Class ,

W

1
-cat probability Butte

superstation sectors coupling
Coleman's argument is off- shell , so it's not under

semiclassical control
.

It is UV-sensitive
.

This idea was mostly abandoned but revived recently
in JT

.



Now we'll show that the large-c ensemble

has a similar effect .

In large- o ensemble
,

Mmmmm

Revisit

G. = (QQ QQ >

≈
'

i

1¥
"

This term matches the bulk
,

bulk × ' 2x

#
×
,
24

and it matches the Gaussian average in

the dual channel
.



= [
I
✓
2

2

Ii knit
'

hi> Ey 1^2

That sounds nice . . .

but we've neglected a term !

Missing :
/Gzi /

<

defects÷⇔=⇔iNonzero because



Thus for the whole story to hold together,
we must find a neg , both

contribution

to the Ypf . with a single boundary !

Requires :

New contribution to

both Ypf . with exchange of
defect i.

And indeed there is one .

Here it is :

19999mm =

•

•

✗ e - I



This is confusing , let's draw 2d cartoon

19999>own
=

A+ '
•

Tag
z•z %

gwiya.a.ag.am
am,gµayw

+ bachreaclion)

Explain Quotient construction
.

Calculate action :

e-
ˢ
≈ ↳fh ,h,h,)

2
'

✓
2

2

13
1^2



That's exactly what we needed from CFT !
✓

Coleman- ology :

This is equivalent to adding a bulb

coupling In
,

and averaging it :

"

1-3 In, --0

;) ⇒ = look



Does this mean 38 gravity has a- states ?

Maybe so for pure gravity .

Probably not needed for UV- complete theories
,

where this is a low - F- EFT calculation
.

No global symmetries in QG

an*
oh

↳
'
•

•÷;☒3 •geo
i. :*

Gg → /Gyp as Dist .→ •
Because identity is runningwormhole -1-0 !
in this channel

.



Non-factorization If Vmahs, BH , expect

LVV 'S v e-
s

✓ = 0,9%9 _ _ .

Letsconfirm-
(Vtv ) =

An*%!
•

÷;;+☒r3 •

I

⇒
As D. → ×

,
doesnot factorize → SV)LVᵗ)

"""° " " """&
" "" = °

{
""" "

but <Vtv > * 0 ! Ñ=o

no global symmetries in QG Lvtv> = e-
¥5

But
<v4> ⇒

Interpretation 1?) : this calculates
"¥0 unless

in fixed CFT V' =Vt



This argument used the bulk
,
so it does

not explain no-global - symmetries from CFT
.

But it does give you a bootstrapping way
to calculate the expected size of violations .



Outlook/Discussion



Why averaging ?

* Universality / how - E coarse g raining

↳ But what is universal ?

(Hints from bulk / black holes !)
*Large - N limit twitter - Schlenker )



Higher Dimensions
?

wormholes : /¥:#
with spherical symmetry .

-

(so currently no insight on local operators .)



Lesson
ammo

Bootstrap /@ {multi - CFT observables}
We saw some examples , GI

obviously no moose info in principle, but

it is repackaged and perhaps more accessible

to humans
.

matntiiiiog.ae :
☐µ =qÑ ( I -9%

"

modular
n=1 Cusp form

of wt . 12
= [ tinlqn

n=1

C.Ramanujan TJ

Hardy 1927 :

TMJ ~ nuts

retires 1119112



Questions

How much does low-energy gravity know

about its UV completion ?

Are most large-N oft holographic ?

What does GGT tell us in non-holo CFT ?

T RMT/ETH

think there is very likely
a useful overlap between
these 2 subjects .

V

nunneries LC bootstrap
e

For example, to Mathematicians,
"

randomness
"

is very closely related to analytic properties
of partition function of its Mellin transform

.


